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Asymptotic Expansion of Solutions to the Drift-Diffusion Equation 

with Fractional Dissipation 

Masakazu Yamamoto^ Yuusuke Sugiyama^ 


Abstract. The initial-value problem for the drift-diffusion equation arising from the model of semi¬ 
conductor device simulations is studied. The dissipation on this equation is given by the fractional 
Laplacian (—Large-time behavior of solutions to the drift-diffusion equation with 0 < 0 < 1 
is discussed. When 6 > 1 , large-time behavior of solutions is known. However, when 0 < S < 1, the 
perturbation methods used in the preceding works would not work. Large-time behavior of solutions 
to the drift-diffusion equation with 0 < 0 < 1 is discussed. Particularly, the asymptotic expansion of 
solutions with high-order is derived. 


1. Introduction 


We study the following initial-value problem for the drift-diffusion model for semiconductors: 


( 1 . 1 ) 


dtu + (-A)®/2u - V • {uVip) = 0, 
—At/; = u, 
u{d,x) = Uq{x), 


t > 0, X G M"', 
t > 0, X G M"', 
X G M”, 


where n > 2, 0 < 6 < n, dt = d/dt, V = {di,... ,dn), dj = d/dxj, A = di + 8“^, and 
(—The unknown functions u and t/; : (0,oo) x M" M stand for the density 
of electrons and the potential of electromagnetic field, respectively. The drift-diffusion equation with 
0 = 2 is derived from conservation of mass of electrons. The fractional Laplacian is associated to the 
jumping process in the stochastic process. Since electrons on a semiconductor may jump from a dopant 
to another, the fractional Laplacian is suitable to describe their dissipation. In the case 9 > 1, well- 
posedness and global existence of solutions are shown. Moreover, large-time behavior of the solution is 
discussed (cf. [1,23,24,26,28,33,39]). When 0 > 1, we can refer to many preceding works to derive the 
asymptotic expansion of the solution of (1.1) as t —)■ oo (cf. for example [3,7,8,12-14,20,29]). In this 
case, perturbation methods are effective, since the highest-order derivative is on the dissipation term. 
When 6 = 1, Vu on the nonlinear term balances the dissipation (—A)^/^u. In the case 0 < 0 < 1, 
the highest-order derivative is on the nonlinear term. Therefore, the perturbation methods would not 
work as discussed in more detail later. In [41], employing the energy method, the authors estimate 
the difference between the solution of (1.1) with 9 = 1 and its second-order asymptotic expansion in 
L^{W^) for 1 < q < oo. But the cases q = 1 and q = oo are excepted. The purpose of this paper is to 
give the third-order asymptotic expansion for (1.1) with 0 < 0 < 1. Especially, we will estimate the 
difference between the solution and the asymptotic expansion in with 1 < g < oo. Our main 

theorems are extensions from the results of the case 1 < 0 < 2 in [39] to 0 < 0 < 1. For the drift- 
diffusion equation with 0 < 0 < 1, we refer to the preceding works for the following two-dimensional 
quasi-geostrophic equation: 


dtu + (—A)^/^u — V"*"!/; • Vu = 0, t > 0, x G 
(—A)^/^!/; = u, t > 0, X G 


where V"*" = (—^ 2 , 9i). For the quasi-geostrophic equation, well-posedness, and global in time existence 
for small initial data in the scale-invariant Besov spaces is shown (cf. [4-6]). By analogy from the 
method in the quasi-geostrophic equation, for the drift-diffusion equation with 0 < 0 < 1, well- 
posedness and global existence for small initial data in the scale-invariant Besov space are shown 
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in [36]. In [36], global existence for positive initial data is also studied. We consider the solution such 
that 

(1.2) ueL°°{0,oo-,L\R^)nL°°{R^)), llu(t)ll^p(R„) < C(1 + 

for 1 < p < oo, and 


(1.3) 


u€C“((0,oo),i?“(M")). 


In [2,25,36,40], it is shown that solutions satisfy (1.2) and (1.3), if initial data are sufficiently smooth 
and nonnegative. Upon the above assumption, the conservative force fulfills that 

(1-4) + 

foi' < p < oo (see Proposition 2.8 in Section 2). To discuss large-time behavior of the solution, 
we introduce the fundamental solution of dtu + (—A)^/^u = 0: 

Ge{t,x) = J'^“^[e"‘l^l®](x). 

In the case 9 = 1, this function equals to the Poisson kernel 

n+l n-H 

P{t,x)=TT-~Tm^)t{t^ + \x\‘^) 2 . 

The Duhamel formulae rewrites the solution of (1.1) by the mild solution as follows: 

|•t/2 j-t 

(1.5) u{t) = Ge{t)*UQ+ / VGQ{t —s)*{uS/{—/S.)~^u){s)ds+ / Ge{t — s)*'S/-{uV{—/S.)~^u){s)ds. 

Jo Jt /2 

We remark that, in the case 9 > 1, the second and the third terms are combined into ff^VG 0 (t — s) * 
(uV(-A)-^u)(s)ds € G(10,T], L\R^) n L°°(R^)) since VGe G ^^(O, T, ^^(M^)) and uV(-A)-iu G 
L°°(0, T, L^(M"') nL°°(M")). But, if 6* < 1, VGg 0 L^(0,T, L^(R^)), which requires estimates for Vu. 
Furthermore, the third-order asymptotic expansion needs some estimates for xu (see the remark after 
Theorem 1.1). However, (1.5) does not work in those estimates, since the third term of (1.5) contains 
Vu. Employing the energy method with Kato and Ponce’s commutator estimate and the positivity 
lemma for the fractional Laplacian, we get those estimate for Vu and xu respectively (see Propositions 
2.7 and 2.9). Our first assertion is established as follows. 


Theorem 1.1. Let n = 3 and 0 < 9 < 1, or n > 4 and 0 < 0 < 1. Assume that uq G L^(M”', (1 -|- 
\x\'^)dx) r\L°°{R^) and the solution u satisfies (1.2) and (1.3). Then 


u{t) - MGeit) W ^ [ (-y)“iio(y)Q:y 

POO P 

- V Vf^VGeit) • / / {-yf (uV(-A)-iu) {s,y)dydi 

l^l_^ Jo 




= o[t 


as t ^ oo for 1 < q < oo, where M = uo{y)dy and m = J^„{—y)uo{y)dy. 

We remark that the decay properties of u ensure that jyjjuV(—A)“^ujdy <0(1-1- s) ~ (see 

Proposition 2.9). Hence the coefficient Jg°° j-^n{—y)^{uV{—A.)~^u){s,y)dyds in Theorem 1.1 converges 
to a finite value since 9 < n — 2. However, if 0 > n — 2, this coefficient may diverge to infinity. In 
this case, we should include some correction terms in the asymptotic expansion. When n = 2 and 
0 < 0 < 1, let J be given by 

/■*/2 ft 

(1.6) J{t)= VGe{t-s)*{GeV{-A)-^Ge){s)ds+ Ge{t - s) *V ■ {GeV{-A)-^Ge){s)ds. 

Jo Jt/2 

Then the same argument as in [38] yields that 

J eG {{0,oo),L\R^)nL°°{R^)) , J/0, 
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(1-7) II«^(0IIl'j(m 2) — i » II<^(i)IIl'?(r2) 

for 1 < q < oo. Moreover, J satisfies the following. 


Theorem 1.2. Let n = 2, 0 < 6 < 1, uq G (1 + \x\'^)dx) n and J he given by (1.6). 

Assume that the solution u satisfies (1.2) and (1.3). Then 


u(t) - Ma,(t) - m . VG»(t) - MO(t) - W YLLA f (-yru,iy)dy 

15:2 

1*00 p 

V vNCeit) • / / {-yf (nV(-A)-iu - M^GeVi-L^r^Gg) [s, y)dydt 

m=i “'0 ./R2 


l/3|=i 


Li 


as t —)• 00 for 1 < q < 00 , where M = uo{y)dy and m = J^ 2 {—y)uo{y)dy. 


Before the proof of this theorem (see the remark under the proof of Proposition 3.2 in Section 3), 
we will confirm that 

poo p 

(1.8) / / \y\\uV{-A)-^u-M^GgV{-A)-^Gg\dyds <+ 00 . 

Jo 2m2 

Unfortunately, when n = 3 and 9 = 1, the first term of J may diverge to inhnity since PV(—A)“^P(s) 
is too singular as s —)• 0. For this case, we define 
/■U2 r 

J{t) = / / (VP(t -s,x-y) + {y V)VPit, x)) ■ (PV(-A)-ip) (s, y)dyds 

Jo iR3 

(1.9) +[ P(t-s)*V. (PV(-A)-^P) (s)ds, 

Jt/2 

P(t)=iAP(t)log(l + f) / (-y).(PV(-A)-ip)(l,y)dy. 

3 Jr3 

The function J fulfills 

(1.10) JeC((0,oo),pi(]R3)nP°°(]R3)), ||J(t)||^,(R3)=f'^'-^^-1^'(i)IL,(R3) 

for 1 < g < 00 (see Proposition 3.5 in Section 3), and provides the asymptotic expansion for the 
solution as follows. 


Theorem 1.3. Letn = 3, 6 = 1, uq G {1 +\x\‘^)dx)r\L°°(EA), and J and K be given by (1.9). 

Assume that the solution u satisfies (1.2) and (1.3). Then 


(t) - MP(t) - m ■ VP{t) - Mn<{t) - - E TTAL f 

poo p 

- V V^VP(t) • / / i-y)^ (uV(-A)-in(s, y) - M^PV{-A)-^P{1 + s, y)) dyds 

|/3| = 1 


LI 


as t —)• 00 for 1 < q < 00 , where M = Jjjjg uo{y)dy and m = f^ 3 {—y)uQ{y)dy. 


If we try to give the asymptotic expansion for the case n = 2 and 0 = 1 in the same way as above, 
then we may see that fj ^2 | 2 /||^tV(—A )“^m — M^PV(—A)~^Pldyds = + 00 . To study this case, we 
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define 


J^{t) =M / VP{t -s)* (PV(-A)-^(m • VP) + (m • VP)V(-A)-^P) {s)ds 

Jo 

+ M [ P{t-s)*V- (PV(-A)-^(m • VP) + (m • VP)V(-A)-^P) (s)ds 

Jt/2 

+ M^ / (VP(f-s,x-y) + (y V)VP(f,x)) 

• (PV(-A)-V +JV(-A)-ip)(s,?/)dyds 

+ M^ [ P{t-s)*V{PV{-A)-^J + JV{-A)-^P){s)ds, 

Jt/2 

K{t) =\AP{t) log(l + I) / {-y) • (PV(-A)-V + JV(-A)-ip) (1, y)dy. 

Then J 2 satisfies 

(1.12) J2 e c ((0 ,oo),l1(m 2) n l-(m 2 )) , ||J2(t)|L,(R2) = 

ior 1 < q < 00 (see Proposition 3.6 in Section 3). 

Theorem 1.4. Let n = 2, 0 = 1, uq ^ P^(M^, (1 + \x\'^)dx) n and J, J 2 and K be given by 

(1.6) and (1.11). Assume that the solution u satisfies (1.2) and (1.3). Then 


{t) - MP{t) - m • VP(t) - M^J{t) - M^K{t) - J 2 {t) - V f {-y)<-uo{y)dy 

a\ hii2 

\ a \=2 

poo p 

- V V^VP(t) • / / (-y)^{nV(-A)-in(s,y) - M^PV{-A)-^P{s,y) 

Jo ./R 2 


- M (PV(-A)-^(m • VP + mV) + (m • VP + MV)V(-A)-V) (1 + s, y)]dyds 
as t ^ CO for 1 < q < 00 , where PI = fj ^2 uo{y)dy and m = J^ 2 {—y)uo{y)dy. 


L'J(R2) 


We confirm that 

POO /* 

/ / {-yf{uV{-/A)-^u{s,y)-M‘^PV{-A)-^P{s,y) 

(1.13) Jo Jm? 

- M (PV(-A)-^(m • VP + mV) + (m • VP + MV)V(-A)"V) (1 + s, y)]dyds G 


in Section 3. Theorem 1.4 provides the asymptotic expansion with third-order. Clearly, we see that the 
asymptotic expansion with second-order contains no logarithmic term. Now we refer to the following 
generalized Bnrgers equation: 


f dtui + + ^dx{oo‘^) = 0, t > 0, X gR, 

\ u{0,x) = uo{x), x G M. 


For (1.14), well-posedness, global existence and decay of solutions for small initial data are proved. 
Particularly, for 1 < <? < 00 , the decaying solution has the following asymptotic expansion as t —)• 00 
(see [15,41]): 


(1.15) 


cj(t) - M^P{t) + —M^dxP{t) log(l + I) - M^Juj{t) 

47r 

h/ [ + s,y)‘^) dyds']dxPit) 

Jo Jr / 


- - 


Li(R) 
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where = J^uJo{y)dy, = J^{-y)uJo{y)dy and 

1 /■*/2 

Jiud) = - 


1 f ' f 

(t)= - - / {d^P{t - s,x-y)- d^P{t, x)) P(s, yfdyds 

^ Jo Jm. 


It/2 


P{t — s) * {PdxP)is)ds. 


This correction term fulfills 


\JUt)\ 


L9(R) 


= t 9 


^( 1)11 


for 1 < g < oo. The logarithmic term in (1.15) is derived from the following procedure: The mild 
solution of (1.14) is given by 


1 n P 

{t) = P{t)*uto -/ dxP{t — s) * ut{s)^ds — / P{t — s) * {ujdxUj){s)ds. 

2 Jo Jt/2 


uju = 


t 

1/2 


In the second term, we renormalize uj by M^^P, then we obtain the term dxP{t — s) * P{1 + 

s)‘^ds. Taylor’s theorem says that the decay rate of this term is given by 


1 Z" 1 Z"*/^ f 

-M^dxP{t) / / P(1 + s, yfdyds =-M^dxP{t) / (1 + / P(l, y) 

^ Jo Jr ^ Jo Jr 


'dy 


=—M^dxPit)log{l + ^). 


Here we used the relation P(l+s, y) = (1+s) ^P(l,(l+s) ^y). Similarly, the second-order asymptotic 
expansion for (1.1) with n = 2 and 6 = 1 contains 

ft/2 


M‘^VP{t)- [ [ {PV{-A)-^P){l + s,y)dyds 

Jo Jr'^ 

=M^VP{t) log(l + I) • / (PV(-A)-ip)(l, y)dy, 


since P(1 -|- s, y) = (1 + s) ^P{1, (1 + s) ^y) when n = 2. This fact does not contradict the assertion 
of Theorem 1.4. Indeed 


/ (PV(-A)-ip)(l,y)dy = 0. 

JR2 


Such a vanishing logarithmic term is developed in the studies for some other phenomena (we refer 
to [10,11,18,21,30-32,37]). 


Notation. In this paper, we use the following notation. For a = (oi,..., an) and b = {bi,..., bn) G M”, 
we denote that a ■ b = ajbj and jaj = y/a ■ a. We define the Fourier transform and the Fourier 

inverse transform by J^[¥?](0 = {2tt)~"'^‘^ e~^^'^(p(x)dx and T'“^[y?](a:) = {2tt)~'^^‘^ e^^'^ip{^)d^, 

where i = We denote that dt = d/dt, dj = d/dxj (j = 1,..., n), V = (9i,... ,(9„) and A = 

^2]=! df Particularly dx = d/dx for n = 1, and V-*- = (—92,191) for n = 2. For 6* > 0, = 

For a = (oi,... ,«„) G Z![: = (N U {0})"', we use a! = Wj=i af, V“ = nj=i df and 
|q;| = otj. For 1 < p < oo and s G M, ]J’{W^) and 1T®’P(]R"') denote the Lebesgue space and the 

Sobolev space on M”', respectively. We abbreviate the norm of L^’(M”') by || • ||LP(Rn). For a nonnegative 
function g, let L^{'SP,gdx) = {p G L|^j,^(M”) | \^{x)\g{x)dx < +oo}. We write the convolution 

of / = f{x) and g = g{x) hy f * g{x) = f{x — y)g{y)dy. The gamma function is provided by 
F(p) = e~^P~^dt for p > 0. Various constants are simply denoted by C. 



2. Preliminaries 


In this section, we prepare several lemmas to use in the proof of our results. 
Lemma 2.1 (positivity lemma). Let 0 < s <2, p> 1 and f € Then 


[ \f\p-^f{-Ay/^fdx>o. 

Jr^ 

Particularly, when p> 2, 



Ifr^fi-Ay/^fdx > 



(_A)^/4(|/|P/2) 


2 

dx 


holds. 

For the proof of this lemma, see [6,16]. We also need some inequalities of Sobolev type. 

Lemma 2.2 (Hardy-Littlewood-Sobolev’s inequality [35,42]). Let n>2, 1 < a < n, 1 < p < ^ and 
^ ~ p ~ n- there exists a positive constant C such that 

||(—A) / ¥^|Lp,(Rn) < ^||v^ILp(R") 


for any p G L^’(M”). 

Lemma 2.3 (Gagliardo-Nirenberg inequality [9,19,27]). Let n>l, 0<(T<s<n, 1< pi,P 2 < oo 
and i = (l — -) — + - —. Then 

II (-A) / ¥^||^p(Rn) < ^||7 ^||i,p/(R")||(“^) ^ ‘^IIlP2(R>i) 

holds. 

The following estimate is due to [22]. 

Lemma 2.4 (Kato-Ponce’s commutator estimates [17,22]). Let s > 0 and 1 <p < oo. Then 
||[(“^)^^^>fl']/||Lp(Rn) < C'(l|Vfl'llLPl(Rn)ll(-A)(*“^)/^/lliP2(R") + || ( “ A) (K" ) || / || LP4 (R^i) ) 

and 

||(-a)^/2(/5)||^^(^„^ < c{\\fu,^^.y{-Ay/^g\\ LP2(Rn) + ]]( —A)^/^/jj^P 3 (Rn) 11511 lp4 (R")) 

with 1 <pj <oo {j = 1,4) and 1 < pj < oo (j = 2, 3) such that i = A + A = A + A. 

The Hormander-Mikhlin type inequality (cf. [34, Theorem 3.1]) yields that 

\dy^^Ge{yx)\ < C{1 + 


for m G and a G Z”. A coupling of this and the scaling property 

dyv'^Ge{t,x) = t-t-"*-¥9™V“Ge(l,x) 


provides the following lemmas. 

Lemma 2.5. Let n > 1, 0 > 0, m G Z+, a G Z” and 1 < p < q < oo. Then there exists a positive 
constant G such that 


\drv‘^Geit) * (^11 


L' 3 (R' 


q < Ct- 


qi. 

) V p 


-)—m— 1^ 

O'' 6 


m 


for any p G L^(M”). 
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Lemma 2.6. Let N G Z_|_, ip G (1 + \x\)^dx) and I < q < oo. Then 


Ge{t)*ip- 




|a|<Af 


a: 


[ {-yTT{y)dy 

JR" 


L'J(R") 




as t ^ oo. In addition, if p € (1 + \x\'^)^^^^'^^‘^dx), then 


|Q|<iV 


n /-I 1\ N+1 I M 

< - 


‘) 


for 0 < fj, < N and t > 0. 

The solution of (1.1) satisfies the following estimate. 

Proposition 2.7. Let n > 2, 0 < 9 < 1 and cj > 0. Assume that the solution u satisfies (1.2) and 
(1.3). Then there exist positive constants C and T such that 




n _ a_ 

'26 6 


for any t >T. 


Proof. Let q > ^ + ^. Using (1.1), we see that 


IfL 

2 dt 


lli2(Rn)) + II (-A) 2+lu{t)\\l2^^r, 


Since 


we have that 


( 2 . 1 ) 


=t^^j-A)'^/\V(-A)-/2.(uV^)dx +V-i||(-A)‘^/2n(t)||i,(R„). 

[ (-A)'"/\V(-A)^/2 . ^u^^^dx 
JR" 

: [ {-AY'^uV{-Ay/^u-V'ipdx + [ (-A)'"/2^[V(-A)‘"/^VV']udx 

JR" JR" 

l- f u\{—A)^^‘^u\'^dxf (—A)^/^u[V(— 

2 Juri 

~ (t''ll(-A)“/ 2 «(«)||J,„,.,) +«»||(-A)f+lu(«)||i,„„, 

= f u (—Ar^^u dx + e f (—Ar^'^u\y(—Ar^'^,'Vp\udx 

2 JR" JR" 


Let ^ = 2 “ 2 n' then, from (1.2), we see that 


^lhllLP/(p-2)(R")||(-^)"^^“|lL(R") ^ '^||(-A)2 + 


Z + - ||2 

'‘“IIl2(R") 




L2(R") 


for sufficiently large t. The Holder inequality yields that 


(-A)"/2u[V(-A)-/2,VV>]udx< ||(-A)-/2 u||^ ||[V(-A)"/2,VV^]n||^,, 
















where j \ ^ and ^ = \ + ^- Using Lemma 2.4 and (1.2), we see that 

^^ll'a|lL'i/®(K’^)ll(“^)°^'^^'a||LP(R") < C{l+t) e“'"^||(—A)'^/^n||x,p(Rn). 

The Sobolev inequality says that 

||( —A)°'/^t(||2,p(Rn) < CIK —A) 2+4^11^2(^71). 

Thus we have that 

f {-Ay^^u[V{-Ay^^,Vip]udx <C{1 + t)“?+^||(-A)^+tn||^2(R7i) 

Jr^ ^ 

<^ll(-A)^+^n|li2(R77) 

for sufficiently large t. The third term on the right-hand side of (2.1) is treated by Lemma 2.3. Namely, 
for A = , we see that 

i9-l II (-A)"/2^(t) II" 2(R77) IhW |lS(Mn5 II |li2(R77) 

<C7t''-^-?-^||u(t)|||2(R77) + ^t'?||(-A)t + 5M(t)||"2(R77)- 

Therefore we obtain that 

for large t. If we choose sufficiently large T, then, we conclude that 

t‘'||(-A)'^/2n(t)||"2(R77) S^||(-A)t + Ju(s)||^2(R77)dS 

<r'?||(_A)'^/2^(r)||"^2(R77)+ 

for t >T, and complete the proof. 

The decay of the conservation force field V?/> is given in the following. 

Proposition 2.8. Upon (1.2), Vifj = V(—A)“^ri on (1.1) fulfills (1.4) for < p < oo. 

Proof. Lemma 2.2 and (1.2) give the assertion for < p < oo. Since 


□ 


Tf- 

V(-A)-V(x)= 


r(f) f 

n / 

27r2 JM' 


x-y 

\x - yf 


p{y)dy, 


we see 


|V(-A)-Mt)| <c( [ 

\x 


+ 


\u(t,y)\ 

^\x—y\<{l+tfi/^ J\x—y\>{l+tfi / ^ J \x y\ 

<C ^(1 + ^) ® l|■a(^)||L°°(R") + (1 + ^) ll'a 
This inequality together with (1.2) leads the assertion for p = oo. 

The moment of the solution fulfills the following estimate. 


dy 


□ 


Proposition 2.9. Let n > 2, 0 < 0 < 1 and the solution u of (1.1) satisfy (1.2). Assume that 
xuo G Then 

lkj«W|lw(n-i)(Rn) < C'log(e-Ft) 


for j = 1,... ,re. 
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Proof. Let p = Multiplying the first equation in (1.1) by Xj\xju\P “^XjU and integrate over 
we have that 
1 d 


( 2 . 2 ) 


+ ^Xjui-A)^/^{xju)dx 

/ \xju\^~‘^Xju[xj,{—AY^'^~\udx+ / Xj\xju\^~‘^XjuVu ■'V{—A)~^udx — / \xju\^udx. 

jR" jR" JR'i 

Lemma 2.1 implies the positivity of the second term in the left hand side of the above equality. 

The relation [xj, (—A)®/^] = 9{—A)~^dj, the Holder inequality, and Hardy-Littlewood-Sobolev’s 

inequality together with (1.2) provide that 


Xju[^Xj,( A) ! ^udx <C*||( A) 2 


<C(l + t) \\xjU 


ip-i 

Ilp(R")' 


Similarly we obtain that 


/ Xj\xju\^ '^XjuVu ■V{—A) ^udx — / \xjuf‘udx 
JR" JR'i 

/ \xjuf‘~'^xju\/{xju) ■'S/{—A)~^udx — / \xjuf‘udx+ / \xjuf‘~‘^Xju\_Xj,'S/^^u-V{—A)~^udx 

(i —Ij / \xjuf’udx+ / udj{—A)~^u\xjuf‘~‘^Xjudx. 

' JR" JR" 


The Holder inequality, the Sobolev inequality and (1.2) yield that 

Xj\xju\^~'^XjuVu ■ V{—A)~^udx — / \xju\^udx 


I 

JR' 


<^(ll 






‘'J^IIlp(R")) ll^i^lll,P(R") 


<C{l + t)-^/^{l + \\x 
<C ((1 + t)-^||x,n||^"g„) + (1 + . 

Therefore, from (2.2), we obtain the relation 

fit) < Co ((1 + t)-V(t)'/” + (1 + t)-”/V(i)) 

for fit) = \\XjUit)\\lpf^^r.y Let git) = exp(—Co /q (1 + s) ’^^^ds). Then there exists a positive constant 
e > 0 such that e < git) < e~^ for any t, and we see that 

ifit)9it))' < Co(l + t)~^fit)^^'^git) < C(1 + t)"^ ifit)git))^^'^ ■ 


Solving this inequality, we complete the proof. □ 

1 r» n 

Since L^(M”,(1 + \x\)^dx) n L°°(M"') C L"-i(M”,(l + |3:|)dx), the assertion of Proposition 2.9 
is satisfied upon the assumption of our main theorems. Before closing this section, we show the 
asymptotic profile of the solution. 


Proposition 2.10. Let n>2, O<0<1, 1<Q'< 00 , uq £ L^(M"') n L°°(M"'), and the solution u of 
(1.1) fulfill (1.2) and (1.3). Then 

\\uit) - MGeit)\\^^^n) = 

as t ^ 00 , where M = uoiy)dy. In addition, if xuq G L^(M"'), then 


Uit) MG6)(t)||^g(]JJn) < 


n /-I 1 N 1 

Ct ^^(l + t)”^ (n > 3 or 6* < 1) 

Ct~‘^^^~f il + t)“^ log(e + t) in = 2 and 6 = 1) 
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for t > 0 . 

Proof. By (1.5), we see that 

(2.3) u{t) — MG 0 {t) = GQ{t) * uo — MG 0 {t) + f VG 0 {t — s) * {uV{—A)~^u){s)ds. 

Jo 

Since the estimate for the linear part is well-known, we consider the nonlinear term. By Lemmas 2.5 
and 2.2, and (1.2), we have that 


fi/2 


<G 


<G 


VG 0 {t — s) * {uS/{—A) ^u){s)ds 


1,9 (M»^) 


I —nn —i'l—i 

/ {t-s) 0 ^ p e||MV(-A) u||ii(Rn)ds 

Jo 

. ri-1 

/ (t — s) ® 

Jo 


1 ® (1 -|- s) s ds. 


Thus 


(2.4) 


< 


/ VG0{t — s) * {uV{—A) ^u){s)d6 
Jo L9(m<i) 

(n > 3 or 0 < 1) 
9''(1 + t)~^ log(e + t) (re = 2 and 9 = 1). 


Gt 9)(l+i)- 




When re > 3, we obtain by Lemmas 2.5 and 2.2, Proposition 2.7, and (1.2) that 

f G 0 {t — s) *V ■ {uV{—A)~^u){s)ds 
Jt/2 

' (^||Vre||2,2(Rn)||V(-A) ^re||i2(Rn) -I- ||re|||2(Rn)^ ds 

rt 

’ (1-1- s)~^ds. 

2i/2 

When re = 2, Lemma 2.5 gives that 

f G 0 {t — s) ■ {uV{—A)~^u){s)ds 

Jt/2 

Ii,9/5(K2)||^(“^) '*^IL9/4(r2) + ||^||j;^2(r 2)j ds. 


<G 


<G 


<G 



/t/2 


Here the Gagliardo-Nirenberg inequality yields that 

11/3 


11 111,9/5 (M2) < C'|hlL3/2(R2)||( /^)^'^'^'«||/2 (r2)- 

Therefore Lemmas 2.2 and 2.7, and (1.2) conclude that 

Ai+s)- 

Jt/2 


/l/2 


G 0 {t - s) * V • (reV(-A)"^re)(s)ds 


< G 

1,1 (R2) Jt/2 


2 

e ds. 
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If we put a = 2 ’" ^ = | for some small e > 0, then, by Lemma 2.5 and the Sobolev inequality, 

we obtain that 

f Gg{t — s) *V ■ {uV{—A)~^u){s)ds 
Jt/2 

pt 

pt 

< / {t- s)“i^(||V(-A)‘^/ 2 .(^||i 2 (Kn)||V(-A)"^u||icx,(Kn) + 11 U 11 ^^ 2 , ^ ) ds . 

•J tj‘2 

Hence, by Propositions 2.7 and 2.8, and (1.2), we obtain that 


It/2 


Gg{t — s) *V ■ {uV{—A) ^u){s)ds 


^ I , , . 2n I en , 

< C / {t — s) 2 s (1 + s) s+ 2 sds. 

L°°(K") Jt/2 


Thus, by the Holder inequality, we conclude that 
r* 

It/2 


(2.5) 


t Ge{t 
Jt/2 


— s) * V • (uV(—A) ^u){s)ds 


‘) 




for 1 < <7 < oo. Applying (2.4) and (2.5) to (2.3), we complete the proof. 


□ 


3. Proof of main results 

3.1. Proof of Theorem 1.1. In (1.5), large-time behavior of Gg{t) * uq is well-known. We split the 
nonlinear term into 


(3.1) 


where 


f VGg{t — s) * {uV{—A) ^u){s)ds 
Jo 

POO P 

V V^VG 0 (t) • / / {-y)^{uV{-A)~^u){s,y)dyds + ri{t)+r 2 {t) + r 3 {t), 

loi 1 Jo Jr” 


n{t) = [ [ {VGg{t - s,x - y) - V'^VGg{t,x){-y)^) ■ {uV(-A) ^u){s,y)dyds, 

F 2 (t) = f Gg{t — s) *V ■ {uV{—A)~^u){s)ds, 

Jt/2 

poo p 

^ 3(0 = - y] V^VG 0 (t) • / / {-y)l^{uV{-A)~^u){s,y)dyds. 

, 0 , 1 Jt/2 JR" 


l/3|=l 


Since uV(—A) ^udy = 0, ri is represented by 
/■t /2 /■ 

^i(^) = / / {^Ge{t- s,x-y) - '^V^VGeit - s,x){-yf) ■ {vSJ{-A)~^u){s,y)dyds 

Jo JR" 

^t/2 r 

+ V / / {V^VGeit -S,x)- vNGe{t, x)) • (-i/)/'(uV(-A)-iu)(s, i/)di/ds. 
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For some R{t) = {t —oo), we divide n to ri = + ri ^2 + where 

n,i(^) = / / fvG 6 )(t - s,x - y) - ^ V^VG 6 )(t - s,x)(-y)^^ ■ {uV{-A)~^u){s,y)dyds 

Jo J\y\<R{t) V / 


n, 2 (t) = 



(^VGg{t - s,x - y) - V^VGeit - s,x){-y)j'\ ■ {uV{-A) ^u){s,y)dyds 
^ \0\<i ^ 

a3(t) = E f - s,x) -VJVGeit,x)] ■ i-y)f^{uV{-A)-^u)is,y)dyds. 

|oi 1^0 JR" V / 


/O J|j/|>R(t) 
r */2 


l/3|=l 

Taylor’s theorem yields that 
ri 


= E r f f + . X(-y)l>(uW(-^)-^u)(s,y)d\dyds, 

1^2-^0 J|y|<iJh) ■>'0 

.2 w = E f ( [^ ^J^Gg{t -s,x-y + Xy)dX + V^VG,(t - s, x)) 
ioi_iJ0 J|y|>i?(i) VJo / 


'|y|>fi(i) 

(-y)^(uV(-A)"^u)(s, y)dyds, 


ri/2 r /■! 

?’i,3(i) = E / / / 9fV^VGe(t - s + As,x) • (-s)(-y)^('uV(-A)“^ir)(s)dAdyds. 

I J 0 -/r”- J 0 


By Lemma 2.5 and Propositions 2.8 and 2.9, we have that 

n /I 1\ 3 

^ 0 ^^ aJ 6 


ftl2 

\\n,i{t)\\L,(Kn) <CR{t) J {t-s) e ||y(nV(-A)-^n)(s)||^i(^„jds 


— s) i’ «(l + s) ^ log(e + s)ds. 


Thus 


as t —)• oo. Similarly 


<CR{t) / {t-s) 

Jo 


lln, 2 (t)||L.(R") < (E / (t-s) <i'> 9||y(uV(-A) ^''^)('S,t/)|Li(|j,|>^(t))ds. 

0 


Hence, by Lebesgue’s monotone convergence theorem together with 




uV(-A) ^M)(s,y)||^i(jj„) 


rtl2 

<C I It- 

/o 

we conclude that 


pt/Z 

/ 

Jo 

RG _^ n—2 / _H/l_i.^_.2. 

/ {t — s) §“ log(e + s)(is = 0 (t ®), 

Jo 


as t —>• oo. Moreover 


Ikl,2(i)||L9(Rn) = o(t ■3^ e) 


Thus 


as t —)• oo. Consequently 
(3.2) 


pt/Z 

lln,3(i)||M(R") <c / (i-s) 

Jo 

lln,3(i)||L9(Rn) = o(fe'-^“9^“9) 


_ .ul q> e e log(e + s)cts. 


lkl(i)llL9(R") = o(i ^ 0 



13 


as t —)• oo. The inequality (2.5) leads that 


(3.3) 


\r 2 {t)\\L‘l{Rr.) = o{t 9^^ 9) 


as t — )• OO. Propositions 2.8 and 2.9 provide that 


\\r 3 {t)\\L'!{Rr^) < Ct e(g)e g g \og[e+ s)ds 

Jtl2 


and 

(3.4) 


lk3(i)||L‘J(R") = o(t ») 

as t —)• oo. Applying (3.2), (3.3) and (3.4) to (3.1), we complete the proof. □ 

3.2. Proof of Theorem 1.2. To show Theorems 1.2 and 1.3, we prepare the following estimates. 

Proposition 3.1. Let n > 2, 0 < 6 < 1 and a > 0. Assume that the solution u of (1.1) satisfies 
(1.2) and (1.3). Then there exist positive constants C and T such that 


1 -A)"/2 {u{t) - MGe{t))\\^,^^^^ 
for t > T, where M = uo{y)dy. 

Proof. We consider only the nonlinear term of (1.5). By Lemma 2.5, we see that 

(_A )<"/2 
rtl2 

/o 


< 


_ n cr , , 1 , ^ ^ 

Ct 2(9 e (1-|-t) 9 {n > 3 or 6 < 1) 

Ct~^~‘^{l + t)~^ log(e + t) (n = 2 and 6 = 1) 


< 


VGg{t — s) * {uVi—A) ^u){s)ds 

rtlZ 

/ V{-A)‘^/^Ge{t -s)* {uV{-A)-\){s)ds 

Jo 


‘) 


+ 


<G 


t/2 

■t/2 


Gg{t -s)* V(-A)^/2 . (uV{-A)-^u){s)ds 


L2(R'i) 


, , 

{t - s)“^"^||(MV(-A)"iM)(s)||^i(jj,^ds 

+ Glj\V{-A)^/^ • {uV{-A)-\){s)\\^,^^^^ds. 
The Holder inequality. Proposition 2.8 and (1.2) yield that 

||(nV(-A)-M(^)|Li(«.)<C'(l + s) 
for s > 0. From Lemma 2.4, we have that 

||V(-A)-/2.(nV(-A)-M(^)|L2(K.) 

^C'(||V( —A) / u||^4^jg„^||V( —A) + 11^ 


n — 1 

e 


) 11 ^ ( ^ '“IL4(]Rn)) ■ 


Hence, by a coupling of the Sobolev inequality and Proposition 2.7, Proposition 2.8, and (1.2), we 
obtain that 

||V(-A)-/2 . (uV(-A)-iu)(s)||^,(^„) < 

for large s. Therefore we complete the proof. □ 

Proposition 3.2. Let n >2, 0 < 6 < 1 and e > 0. Assume that uq G L^(M"', (1 + \x\^)dx) H L°°{'MA), 
and the solution u of (1.1) satisfies (1.2). Then there exists positive constant G such that 

Gt~^ (1 + t)“ M+f (n > 3 or 0 < 1) 

d “ Gt~^{l + t)~^~*~^ log(e + t) (n = 2 and 9 = 1) 


|V(-A)-i(n(t)-MG,(t))||^3(„.^ < 
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for t > 0, where M = uo{y)dy. 

Proof. For k = 1,... ,n, we see from (1.5) that 
dk{-A)-\u-MGe) 

=dki-A)-\G 0 {t) * uo - MGe) + 4(-A)-i f Gg{t - s) * V • (iiV(- 

Jo 

dk{-A)~^VGg{t, X -y + Xy)- {-y)uo{y)dXdy 

+ [ dk{-A)-^VGe{t-s)*{uV{-A)-^u){s)ds. 

Jo 

Here we used Taylor’s theorem. By Lemma 2.5, we see that 


dk{-A) VGg{t, X - y + Xy) ■ {-y)uo{y)dXdy 


0 


< Ct—2 




Since uq G (1 + \x\'^)dx) n C (1 + \x\)dx) for i = i + f 


dki-A) ^VGe{t,x- y + Xy)- {-y)uo{y)dXdy 


< Gt-^ 


L 2 (R") 


Thus 



/R2 Jo 

Similarly, we obtain that 


dki-A) '^VGeit, x-y + Xy)- {-y)uoiy)dXdy 


< Gt—t 




<G 


< 


f dki-A)-^VGg{t -s)* (uV(-A)-iu) is)d. 

Jo 

ptl2 j-t 

' (t - s)"^ ||mV(-A)~^u(s)||^i^jj„^ ds + C / (t - s)"^ ||uV(-A 

0 •J tj‘2 

/■*/2 n n -1 P 

/ (t —s) 2 e(l + s) eds + G [t — s) e il-\-s) 

Jo Jt /2 


n _ n—1 I £ 

29 9 9 ds 


Gt 29 (n > 3 or 0 < 1) 

Gt~^ log(e + t) (n = 2 and 0 = 1) 


and 


[ dki-A)-^VGeit -s)* (uV(-A)-^u) (s)d, 

Jo 

1 [ [t-s)-^ ||uV(-A)-^ 

Jo 


L 2 (R^ 


U(S}\\Lr(^n) ds < G. 


Therefore we complete the proof. 


A) ^u){s)ds 


® lly'*^ollLi(Rn). 

, we obtain that 


/ N n I e 

(1 +t)"M + e. 




) 


□ 


Lemma 2.2, and Propositions 2.9, 2.10 and 3.2 affirm (1.8) when 0 < n — 1. 
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Proof of Theorem 1.2. We split the nonlinear term on (1.5) as follows: 


(3.5) 


f VGe{t — s) * {uV{—A) ^u){s)ds 
Jo 

=M^J{t)+ [ VGeit-s)* {uV{-A)-^u-M^GeV{-A)-^Ge) {s)ds 
Jo 

noo p 

=M^J{t) + y vNGe{t,x) • / / {-yf [uV{-Ayu - M^GeV{-AyGe) (s, 

Jo ./R 2 


y)dyds 


+ ri{t) +f 2 (t) +h{t), 


where 


ri/2 r 

n{i)= i / yGe{t - S,x -y) - yVGe{t,x){-yy 
J 0 JmP' I^I_^ 


• («V(-A)-iu - M^GeV{-AyGe) (s, y)dyds, 

f^{t) = f Ge{t - s) * V • (MV(-A)"^n - M‘^GeV{-AyGe) {s)ds, 

Jtl2 

poo p 

^3(i) = - E V^VG 0 (t) • / / i-yf {uVi-Ayu - M^GeV{-AyGe) {s, y)dyds. 

1 Jt/2 Jr2 


Here we used the relation J^ 2 iuV{—A) — M‘^Ge'V{—A) ^Ge){s,y)dy = 0 for fi. For some R{t) > 
0, R{t) = o(t^/®) as t —)• oo, by the similar argument as in the proof of Theorem 1.1, we divide fi into 


(3.6) 


’5W = E/"7, / 


^ Vl^VGe{t - s,x - y + \y) 


+ 


• {-\){-yf (nV(-A)"iu - M‘^GeV{-AyGe) {s,y)dXdyds 

t/2 p /pi 

/ Vf^VGe{t-s,x-y + \y)d\ + vNGe{t-s,x] 
|y 3 | = l-l 0 J\y\>R{t) \Jo 

• (-2/)^ (uV(-A)-iu - M‘^GeV{-/AyGB) (s, y)dyds 

pt/2 p pi 

+ E / / / 5iV^VG0(t-s + As,x) 

1^1^^ JO JR2 JO 

• (-s)(-2/)^ (uV(-A)-iu - M^GeV{-AyGg) {s,y)dXdyds. 


Since uV{-Ayu - M^GeV{-AyGg = uV(-A)-7u - MGg) + M{u - MGg)V{-AyGe, we see 
from (1.2), and Propositions 2.10 and 3.2 that 

\\yj (uV(-A)-iu - M^GeV{-AyGe) 

— l7i^lL2(]R2) ||^(“^) (■“ “ -^^^)|Ii,2('r 2) + 17 “ -^^^'llLl(R2)l7i^(“^) ^^'IL°°(R2) 

<Gs~^ (1 + s)“9’''§ log(e + s). 
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Lemma 2.5 together with the above inequality provides that 

,t/2 f /■! v/5vGe(t-s,x-y + Ay) 



V 

|/3|=2'^° 


/ 


/3! 


• {-\){-yf (uV(-A)-^n - m2G0V(-A)-^G0) {s,y)dXdyds 
tl2 

0 


1,9 (R2) 


t-tJZ 2 13 

/ (t-s)-«('-9)-^||(-y)/3(«V(-A)-iu-M2G0V(-A)-iG,)(s)||^i(j,,)ds 

1/31=1-^° 

/•t/2 

<CR{t) / {t — s) 9^ ® s“e (1 + s)“e^e log(e + s) ds = o(t 9^ 
io 


as t —>• oo. In a similar manner to above, we have that 


V [ ( [' Vf^VGeit -s,x-y + Xy)dX + V^VGe{t - s, x)) 
Jr'^ \Jo J 


{-y)f^ (nV(-A)-in - M2G,V(-A)-1G,) {s,y)dyds 


L9(R2) 


/ t/’Z 2/ In 2 

(i _ s)-^(i-5)-^||(-y)/3 (uV(-A)-iu - m2g,V(-A)- 1G,) (5)|Li(K3)d5 

I/S|=r 

2/i1n2£ i,£ ,2^112, 

<G / (t — s) ® e(l + s) log(e + s) ds = 0(t 9^ e). 

Jo 


Hence Lebesgue’s monotone convergence theorem yields that 



V 

101 = 1 -lo J\y\>R{t) 


V^VGeit -s,x-y + Xy)dX + vNGe{t - s, 


{-yf (uV(-A)-iu - M 2 GeV(-A)-iG 0 ) {s,y)dyds 


L9(R2) 


= o(t 




q) 6 


dtV^'^Go{t — s + As, x) 


as t —)• oo. Similarly we obtain that 
r*/2 r rl 

/o dR2 do 

• (-s)(-y)^ (ixV(-A)-^u - M^GeV{-A)-^Ge) {s,y)dXdyds 

rtl2 


l/3| = l 


L9(R2) 


/•c/^ 2/ In 2 

E / («V(-A)-iu - M^GeV{-A)-^Ge) (s)|Li(«3)ds 

-.G-I(i-I)-?' 


I/3|=1 

2,-, 1\ 2 

<(^7 / (f - A~e 


7 (t-^r 

Jo 


\ sd q) 0 igl e"'“e log(e + s)ds = o(t 9 I 

as t —>• 00 . Therefore we conclude that 


( 3 . 7 ) 


l|7i(t)||L9(R2) = o(t 9 ) e) 
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as t —)• oo. For 1 < q < oo, we see that 


^2(i)||L9(R2) <C'^^^|||Vtt||^ 2 q(]K 2 )||V( (u -^^ 6 »)||j;^ 25 ('r 2 ) + ||'W'||i 25 (']R 2 )||^ -^^611| ^ 25 (]r 2 ) 


+ ||V(n MGe)||^ 29 (K 2 )||V( ^ 6 '|L 29 (r 2 ) + H'W- "^^ 0 |ll, 29 ('R 2 )||G'e||£, 29 (]R 2 ) 

From Proposition 3.2, or Proposition 2.10 together with Hardy-Littlewood-Sobolev’s inequality leads 
that 

||V(-A)-i(n - MG 0 )||^ 29 (r 2 ) < log(e + t). 

We choose cr = 1 — then, by the Sobolev inequality and Propositions 2.7 and 3.1, we have that 


" 7/11 < rjf 2 q-i e 

^I|l2(r2) ^ 


ll^“ll«(.») <c||v(-Ar /2 

|V(« - <C||V(-Ar/2(„ - < C(-f 


2 o> e 

5 

2a) £ 


When g = oo, we obtain that 

ll^ 2 (t)|L. 

ft 

<c 


L2p(R2) ||V( A) (u MGe)||^2p(']g2) + ||■l''||^2p(]]J2)ll'w 

L2P(R2) 


+ ||V(m MG6))||^2p(r 2)||V( A) G6)||j^2p(K2) + 11“ -^^^'IIl2p(R2)II^^'IIl2p(R 2) j 

for some 2/6 < p < oo. Hence we can treat || 7 ^ 2 (i)||Loo(R 2 ) in a similar manner to above. Thus we 
conclude that 


(3.8) ||r 2 (i)||L 9 (R 2 ) < [ s -j) » log(e + s)(is = o(t ») 

Jt/2 

as t —)• oo for 1 < g < oo. Propositions 2.9, 2.10 and 3.2 give that 

roo r 

/ / \yj{uV{-A)-\-M^GeVi-A)-^Ge)\dyds 

Jt/2 JR2 

/•oo 

— {l|yi“ll l2(]r2)IIV(~A) {u — MGe)!! l2(r2) + -^11^^ ~ MG^II^i(r 2)||yjA7(“A) G^H ]^oa(^2'j}ds 

poo 

<C / log(e + s)(is 

Jtl2 

and 

(3.9) 


ll^3(i)||L9(R2) = o(t e) 


as t —)• OO for 1 < g < oo. Applying (3.7)-(3.9) to (3.5), we complete the proof. 


□ 
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3.3. Proof of Theorem 1.3. Lemma 2.6 provides the estimate for the linear term on (1.5). We 
divide the nonlinear term into 


>0 


VP{t -s)* {uV{-A)-^u){s)ds 

rt 


=A'P / VP{t-s)*{PV{-A)-^P){l + s)ds 
Jo 

rt 


+ / VP{t-s)*{uV{-A)-^u{s)-M^PV{-A)-^P{l + s))ds 
Jo 

tl2 


=M- 


+ 


J{t) + m2 V V^VP{t) ■ [ [ {-yf (PV(-A)-ip) (1 + s, y)dyds 

1^1 -^0 
poo p 

Y, V^VP(t) • / / {-yf (uV(-A)-in(s, x) - PV(-A)-ip(l + s, y)) 

oi ^ J 0 J 


dyds 


where 


l/3| = 

+ Ql{t) + ■ ■ ■ + Qbit), 


Qi{t)=[ [ fvP(t-s,x-y)- V^VP(Lx)(-y)^') 

Jo V 1 ^ 1 ^^ / 

• (mV(-A)-^u(s, x) - M2pV(-A)-^P(l + s, y)) dyds, 

Q^{t) = f p(t-s)*V ■ (mV(-A)-^m(s, x) - M^PV{-A)-^P{1 + s, y)) dyds, 

Jtl2 

poo p 

= - E V^VP(t) • / / i-y)^ (uV(-A)-i«(s, x) - M2pv(-A)-Ip(l + s, y)) dyds, 

1^1 

^)4(i)=M2 r*''" f /'vp(t_s,x-y)- V V/'VP(Lx)(-y)^') 

2o 2 r3 V 1^^ / 

• (PV(-A)-ip(l + s, y) - PV{-A)-^P{s, y)) dyds, 

Q^{t) =m2 f P{t-s)*V- (PV(-A)-^P(l + s, y) - PV(-A)-ip(s, y)) dyds 
Jt/2 

- m 2 V V^VP(t) • r / (-y)^ (PV(-A)-ip(l + s, y) - PV(-A)-ip(s, y)) dyds. 

1^-, Jt/2JK.3 


l/3|=l 


We note that 


V V^VP(t) • / [ {-yf (PV(-A)-ip) (1 + s, y)dyds 

|/3|=1 

1 /■*/2 r 

= - APit) (l + s)-'ds/ y(PV(-A)-ip)(l,y)dy = P(t), 

-J 20 ./K3 

since P(9j(—A)~^P is an odd function in Xj. The same argument as in the proof of Theorem 1.2 leads 
that 


^i(^)|L-?(M 3) + Ik2(i)||2,5(]g3) + ||d3(i)||^9(R3) o(t 


IL'?(R3) 


L-J(R3) 




as t —)• oo for 1 < q < oo. Lemma 2.5 together with Taylor’s theorem describes that 


=E r / f f 

IO, 2-^0 ./R3 20 Jo 


s,x-y + \y) 


/?! 


+ 


• dt (PV(—A) ^P) (s + fj,,y)dydXdyds 

rt/2 . rl rl _s + Xs, x){-s)i-yf 

1 ^-, Jo Jr 3 Jo Jo 


=1 


and 


• dt [PV (—A) ^P) {s + /r, y)dydXdyds 

rt /2 p 1 ^ 

k4(i)|L,(K3) {t - + fi)-^dyds. 


f f (s +/i) ‘^dyids + Ct ^ [ [ ('S + A*) ^ 

Jt /2 Jo Jt /2 Jo 


‘ f 

t /2 Jo 


dfids. 




) 


Similarly we obtain that 

lk5(A)||iq(K3) <C 

^ ' Jtl2J0 

Therefore Q/^ and fulfill that 

lk4(A)||^5(]I|3) + |k5(A)||i5(K3) = o{t 
as t —)■ oo for 1 < q < oo. Therefore we derive the assertion. 

3.4. Proof of Theorem 1.4. Before proving Theorem 1.4 we prepare the following proposition. 
Proposition 3.3. Upon the assumption of Theorem l.f, 

||ri(t) - MP{t) - m ■ VP(1 +t) - M^J(1 + 

(3.10) 

<Ct p^(l + t)“^ (log(e + t))^ 

for t > 0 and 1 < p < oo. Moreover, for cr > 0, there exist positive constants C and T such that 

^ II (-A)"/' Ht) - MP{t) - m • VP(1 + t)- m2 J(1 + t)) 

+ t)“2 (log(e + t))2 

for t >T. 

Proof. We show (3.11). From (1.5) we see that 

u{t) - MP{t) - m ■ VP(1 + t)- m2 J(1 + t) 

=P{t) *uo- MP{t) - m • VP(1 + t)+ [ P{t-s)*V ■ {uV{-A)-^u){s)ds - M^J{1 + t). 

Jo 

Since 

P{t) *uq — MP{t) — m ■ VP(1 + t) 

=P(t) * tio — MP{t) — m ■ VP(t) + m • V (P(t) — P(1 + t)) 

^^V^P{t,x-y + Xy) 


E / / 

, , o 4 K 2 Jq 


a\ 


\ a \=2 

we have for u > 0 that 

(-A)'"/2 (p(t) ^uo- MP{t) - m • VP(1 + t)) 


X{-yYuo{y)dXdy - m- i dtVP{t + p)dp,, 

Jo 


L 2 (R 2 ) 


< Ct 


— 3 —(T 
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From (1.6), we obtain that 

(_A)^/2 P{t-s)*V ■ {uV{-A)-^u){s)ds - mV(1 + t) 

/■i/2 

= / V{-Ay/^P{t -s)* {uV{-A)-\ - M^PV(-A)-^P) {s)ds 

Jo 

+ [ P{t-s)*V{-Ay/^ ■ {uV{-A)-^u-M^PV{-A)-^P) {s)ds 

Jt/2 

+ M^{-A)‘^/^J{t) - J{1 + t)). 

Taylor’s theorem together with the relation Jjjj 2 (i.iV(—A)“^u — M"^P'S/{—A)~^P)dy = 0 gives that 
/■i/2 

/ V(-A)'"/2p(/ _ s) * [uV{-A)-^u - M^PV{-A)-^P) {s)ds 

Jo 


E 

1/31=1 


|■t/2 I- t-l 

/ / / V^V(-A)"/2p(/-s,x-2/ + A2/) 

/O ./R2 Jo 

■ {~y)^ {uS/{—A)~^u — M^PV(—A)”^P) (s, y)dXdyds. 


Hence 


1,2 (R 2 ) 


ft/A 

/ V{-Ay/^P{t -s)* {uV{-A)-^u - M^PV{-A)-^P) {s)ds 

Jo 

ft/2 

I {t-s)-^-'^\\{-y)f^{uVi-A)-^u-M^PV{-A)-^P){s)\\^,^^,^ds. 


Propositions 2.9 and 3.2 lead that 

IK-!,)'’ (uV(-A)-‘a - M^PV)-A)-‘F) 

<l|(-!/)'’“L.(r,l|V(-A)-’(u-MP)|K,|..,+M||.,-MP||„„,,||(-!,)«V(-A)-’P| 

<Cs~^{l + log(e + s). 

Thus 

ft/2 


L°° 


V(-A)'"/2p(/ _ s) * {uV{-A)-\ - M^PVi-Ay^P) {s)ds 


L2(R2) 


< (log(e + t)y 


From Lemma 2.4, we have that 
rt 

P{t -s)* V(-A)'"/2 . (^v(-A)-^7x - M2pv(-A)-^P) {s)ds 


h/2 


L2(R2) 


-/'jlF(-A)‘’-'’«|K.„,.,||V(-A)-‘(«-MP)||^.,.., + |lu|K.,..,||V^(-A)S-l(„-AfP)|K.,,., 

+ ||V(-A)'/^u - MP)|K.-., ||V{-A)-’P|K.-., + |i„ - MP|K._,||V^(-A)f-’P|K.-.,}*. 


lL4(K2) I 

Therefore, by Propositions 2.7 and 3.1 with the aid of the Sobolev inequality, and Proposition 2.10 
and (1.2), we obtain that 


[ P{t -s)* {-Ay/^V • (uV(-A)"iu - M^PV{-A)-^P) {s)ds 

Jt/2 

<C f log{e + s)ds 

Jt/2 


L 2 (R 2 ) 
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for large t. Since 


{-Ar/^ (J(1 + t)- Jit)) = C dti-A)-/^J{t + ^x)dfi 

Jo 


and 


dti-A)^/‘^J{t) = V (- A )‘"/2 . (PV(-A)-ip)(f) 

H/2 I- p1 

"E/ / ^^^{-^)^"^''^^^P{t-s,x-y + Xy)-i-y)^iPVi-A)-^P)is,y)dXdyds 

,tr, Jo JR 2 JO 


1=1 

(•t 


lt/2 
we see that 


[ Pit -s)* V(-A)(^+'")/2 . (PV(-A)”^P)(s)ds, 

Jt/2 


\i-A)P^iJil + t) - J(t))|L.(R.) < Cl\t + fi)-^--dfs. 


Consequently, we obtain (3.11). The Minkowski inequality and (1.2) lead (3.10) for small t. For large 
t, (3.10) is derived in a similar manner to above. □ 

We remark that the proof for (3.10) does not require Lemma 2.4. Thus we can show (3.10) even 
for p = 1. 

Proposition 3.4. Upon the assumption of Theorem I. 4 , 

||V(-A)-i iuit) - MPit) - m • VP(1 + t) - m2 J(1 + t)) ||^ 2 (k 2 ) < <^(1 + i)”" (1 + |logt|) 

for t > 0. 

Proof. From (1.5), we see that 

V(-A)-^ iuit) - MPit) - m • VP(1 + t)- m2 J(1 + t)) 

=V(-A)-^ (P(t) * no - MPit) - m • VP(1 + t)) 

+ V(-A)-i Pit-s)*V ■ iuVi-A)-^u)is)ds - m 2 J(1 + t)^ . 

We estimate the first part. Since 

Pit) *uq — MPit) — m ■ VP(1 + t) = Pit) *uq — MPit) — m ■ VP(t) + m • V (P(t) — P(1 + t)), 
we have that 

V(-A)-i (P(t) * no - MPit) - m ■ VP(1 + t)) 

V(-A)-iV“P(t, x-y + Xy) 


E / / 

|a|= 2 '^®^ Jo 


a\ 


-i->^)i-y)°‘uQiy)dXdy 


.-2 


+ / Vi-A)-^im-V)dtPit +p)dp 

Jo 

from Taylor’s theorem. Hence Lemma 2.5 yields that 

||V(-A)-i iPit) * no - MPit) - m • VP(1 + t))||^ 2 (K 2 ) < CU 
On the other hand, from 

Pit) * no — MPit) — m ■ VP(1 + t) 

= - f dtPit + X) * uodX + f f VPil+ t,x - y + Xy) ■ i-y)uoiy)dXdy - M f dtPit + X)dX, 

Jo Jr 2 Jo Jo 
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this part fulfills that 


||V(-A)-i (P(t) * no - MP{t) - m • VP(1 + 


<C 


[\t + \)-^dX<Clog{l + }). 

Jo 


Therefore we obtain that 


||V(-A)-i {P{t) * uo - MP{t) - m • VP(1 + t))||^ 2 (K 2 ) < ^(1 + t)-^ (1 + |logt|) 


For the nonlinear term, we have that 


V(-A) 


-1 


P{t-s)*V ■ {uV{-A)-^u){s)ds - MV(1 + t) 


/■t/2 I- 

=V2(-A)-i / / (P(t - s,x-y)- P{t- s, x)) • (uV(-A)-^n - PV{-/A)-^P) {s, y)dyds 

Jo iR 2 


'0 JR2 

+ V2(-A)-^ [ P{t -s)* (uV(-A)-^u - M2pv(-A)-Ip) {s)ds 

Jt/2 

+ M2v(-A)-i(J(t)-J(l + t)). 


By Lemma 2.5 with Taylor’s theorem, we obtain that 


V(-A)-^ ^ P{t-s)* {uV{-A)-^u){s)ds - mV(1 + 


L2(R2) 


rt/2 


<^E / it-s)-m-yf{uV{-A)-\-M^PVi-A)-^P){s)\\ 


l/3|=l' 


Li(R 2 ) 


ds 


+ C I (t-s)-V3||(^v(-A)-iu-M2pv(-A)-ip)(s)||^3/,(^,)ds + Ct 


-2 


>t/2 

rtl2 


ft/i rt 

<C / (t — s)“^s“^(l + log(e + s)ds + C / (t — 

Jo Jt/2 

*- 2 - 


<Ct ^log(e + t). 


Therefore we complete the proof. 


□ 


Since 

uV(-A)-^u - PI^PV{-A)-^P - M (PV(-A)-^(m • VP + M^J) + (m • VP + J)V(-A)-^P) 

=uV(-A)“i (u - MP -m-VP- M'^J) + M {u - MP -m-VP- M^J) V(-A)"^P 
+ (u - MP) V(-A)-Hm • V)P + M^{u- MP) V(-A)-V, 


we see (1.13) from Propositions 3.3 and 3.4. 
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Proof of Theorem l.f. The decay of the first term on the right hand side of (1.5) is treated by Lemma 
2.6. We divide the second term as 


[ VP{t-s)*{uV{-A)-^u){s)ds 

Jo 

=M^J{t)+ [ VP(t-s) * {uV(-A)-^u(s) - M^PV(-A)-^P(s) 

Jo 

- M (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P) (1 + s) 

- (PV(-A)-i J + JV(-A)-ip) (1 + s)}ds 

+ M [ VP{t -s)* (PV(-A)-i(m • V)P + (m • V)PV{-A)-^P) (1 + s)ds 
Jo 

+ [ VP(f -s)* (PV(-A)-V + JV(-A)”^P) (1 + s)ds. 

Jo 

Since ^2 uV{-A)-^udy = PV(-A)~^Pdy = f,^ 2 (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P)dy 
= /k 2 (PV(—A)“^ J + JV{—A)~^P)dy = 0, we see that 


f VP(f - s) * {mV(-A)~^m(s) - M'^PV{-A)-^P{s) 

Jo 

- M {PV{-A)-\m ■ V)P + (m • V)PV(-A)“ip) (1 + s) 

- (PV(-A)-V + JV(-A)-ip) (1 + s)}ds 

POO p 

= Y, V^VP(f) • / / (-y)^{nV(-A)-^n(s,y) - M^PV{-Ar^P{s,y) 

1^1 _^ "^0 

- M (PV(-A)-i(m • V)P + (m • V)PV(-A)-ip) (1 + s, y) 

- m 3 (PV(-A)-V + JV(-A)-3p) (1 + s, y)}dyds + pi{t) + p 2 (t) + Psit), 


where 


Pi{t)= [ (vP{t-s,x-y)- V V^VP(f,x)(-y)^') 

Jo ./R2 V 1^^ / 

• {uV(-A)-3^x(s,y) - M^PV{-A)-^P{s,y) 

- M (PV(-A)-3(m • V)P + (m • V)PV(-A)-3p) (1 + s, y) 

- m3 (PV(-A)~3 j + JV(-A)”3p) (1 + s, y)}dyds, 

P 2 {t)= [ P{t-s)*V-{uV{-A)-^u{s)-M^PV{-A)-^P{s) 

Jtl2 

- M (PV(-A)-3(m • V)P + (m • V)PV(-A)-3p) (i + s) 

- m3 (PV(-A)'3 j + JV(-A)~3p) (1 + s)}ds, 

poo p 

P3it) = -Y V''VP(f) • / / (-y)^{uV(-A)“3n(s,y) - PV{-A)-^P{s,y) 

\p\—i Jt/i Jmp 

- M {PVi-A)-\m • V)P + (m • V)PV(-A)-3p) (i + g, y) 

- m3 (PV(-A)-3 j + JV(-A)-3p) (1 + s, y)}dyds. 
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Moreover, from /jg 2 (—y)^(-PV(—A) ^(m • V)P + (m • V)PV(—A) ^P)dy = 0 for |/3| < 1, we obtain 
that 

VP(t - s) * (PV(-A)-i(m • V)P + (m • V)PV(-A)”ip) (1 + s)ds 
VP{t -s)* (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P) {s)ds + p 4 (t) + P 5 {t), 

where 



-«4(i)=E (vP{t-s,x-y)-Y,^^'^Pit-s,x){-yA 

|/3|=l'^0 \ y 

• {(PV(-A)-^(m • V)P + (m • V)PV(-A)"^P) (1 + s,y) 

- (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P) (s, y)}dy(is, 

P 5 (t) = f [ P{t-s)*V-{ {PV{-A)-\m ■ V)P + (m • V)PV(-A)-^P) (1 + s) 

Jt/2 Jo 

- (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P) {s)}ds. 


Similarly we have that 


/ VP{t -s)* (PV(-A)-V + JV(-A)-ip) (1 + s)ds 

Jo 

pt/2 p 

: V V^VP(t, x) • / / (-y)^ (PV(-A)-V + JV(-A)-^P) (1 + s, y)dyds 

|/3|=1 

+ [ (vP(t-s,x-y)- V V^VP(t,x)(-y)^') 

JO Jk2 \ y 

• (PV(-A)-^ J + JV(-A)”^P) (1 + s, y)dyds 
+ f P(t - s) * V • (PV(-A)-V + JV(-A)-ip) (1 + s)ds 

Jt/2 

pt/2 r 

: V V^VP(t, x) • / (1 + s)-^ds / (-y)^ (PV(-A)-V + JV(-A)-ip) (1, y)dy 

|/3|=1 

+ / - s,x - y) + (y • V)VP(t,x)^ 

• (PV(-A)-^J +JV(-A)”^P) {s,y)dyds 
+ f P{t - s) *V ■ {PV{-A)-^J + JV{-A)-^P) {s)ds + pe{t) + p 7 {t), 

Jt/2 


where 


/36(i)= [ (vP{t-s,x-y)- y^vNP{t,x){-yf 

Jo Jm? V 

• ((PV(-A)-V + JV(-A)-ip) (1 + s,y)- (PV(-A)-V + JV(-A)-ip) (s, y)) dyds, 

pjit) = [ P{t- s) 

Jt/2 

* V • ((PV(-A)-V + JV(-A)-^P) (1 + s) - (PV(-A)-^ J + JV(-A)-^P) (s)) ds. 
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Now we remark that 


V^VP(t,x) 

l/3|=l 


rt/2 r 

/ (1 + s)-Hs / {-vY (PV(-A)-V + JV(-A)-ip) (1, y)dy = K{t) 

Jo Jm? 


since Pdj{—A) ^ J + dj{—A) is an odd function in xj and is an even function in another spatial 

variable. Consequently, we see that 


[ VP{t -s)* {uV{-A)-^u){s)ds = + M^K{t) + J 2 {t) 

Jo 

poo p 

(3.12) + E • / / (-y)^{nV(-A)-in(s, y) - M^PV{-A)-^P{s, y) 

\ ‘ / 1^1 _^ Jo jm.^ 

- M(PV(-A)-i(m • VP + mV) + (m • VP + MV)V(-A)-V)(1 + s, y)}dyds 

+Pi{t) H-+ PriO- 


We can show that 

(3-13) IIPi(^)IIl 9(R2) + ||p2(i)|lL9(R2) + ||p3(i)llL9(R2) = o(^ 


as t —?■ oo for 1 < g < oo from the similar way as in the proof of Theorem 1.2. Indeed, we divide pi 
into Pi = Pip + pi^ 2 , where 


Pi,lit) = [ (vPit-s,x-y)- V V^VP(t-s,x)(-y)^') 

JO Jk 2 V 1 ^^ / 

• {uV{-A)-^u{s,y) - M^PVi-A)-^P{s,y) 

- M (PV(-A)-i(m • VP + mV) + (m • VP + mV)V(-A)-V) (1 + s, y)]dyds, 

p/2 p 

Pi,2it) = y] / / (V^VP(t-s,x)-V^VP(t,x)) 

|/3|=l"'0 ./K 2 

• (-y)/^{uV(-A)-V(s,y) - MVV(-A)-V(s, y) 

- M (PV(-A)-i(m • VP + M^J) + (m • VP + MV)V(-A)-V) (1 + s, y)]dyds. 


We consider only pi^i, and split it as 


Pi,lit) = [ (vPit-s,x-y)- y^vf^VPit-s,x)i-y)A 

Jo JR2 V 1^^ / 

• u(s)V(-A)-i («(s) - MP(s) - m • VP(1 + s) - MV(1 + s)) dyds 
+ M / ('vP(t-s,x-2/)- V V^VP(t-s,x)(-y)^ 

0 \ |y 3 |<Cl 

• («(s) - MP(s) - m • VP(1 + s) - MV(1 + s)) V(-A)-V(s)dy(is 

ft/2 


+ [ [ (vP(t-s,x-y)- V V^VP(t-s,x)(-y)^ 

Jo Jr^ V |^|<, 

• (u(s) - MP(s)) V(-A)-^ (m • VP + mV) (1 + s)dyds. 
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The similar procedure as in the proof of Theorem 1.2 with the aid of Propositions 3.3 and 3.4 leads 
that 

/ (vP{t -s,x-y)-y] - s, x){-y f) 

Jo 4r2 V 1 ^^ / 

• u(s)V(-A)-i {u{s) - MP{s) - m • VP(1 + s) - M^J{1 + s)) dyds 

/ (vP{t-s,x-y)- y^V^VP{t-s,x){-yf) 

Jo 4r2 V / 

• (u(s) - MP{s) - m • VP(1 + s)- M^J{1 + s)) V{-A)-^P{s)dyds 


Li 


+ 




) 


as t —)• oo for 1 < g < oo. Taylor’s theorem provides that 

[ (vP{t-s,x-y)- V V^VP(t-s,x)(-y)^ 

Jo Jr 2 V |^l<, 

• («(s) - MP{s)) V(-A)-^ (m • VP + J) (1 + s)dyds 
rP2 /■ /■! vJvP(t-s,x-y + Ay) 


T. f [ f 

l^l _2 0 Jm? J 0 


/3! 


• A(-?/)J (u(s) - MP{s)) V(-A)-1 (m • VP + j) (1 + s)d\dyds. 
Thus, by Lemma 2.5 and Proposition 2.10, we have that 

rP2 


<C 


<C 


[ [ (vP{t-s,x-y)-y^Vf^VP{t-s,x){-yf 

Jo Jr2 V 

• (^(s) - MP{s)) V(-A)-i (m • VP + mV) (1 + s)dyds 

/■i/2 ^ 

(t - s)-^^^-i^-^u{s) - |||y| V(-A)-1 (m • VP + MV) (1 + s) 

f {t — + s)“^ log(e + s)ds = 

Jo 


LI 


ds 


Here we used the relation sup^^Q IV|2 v(-a)-i (m • VP + mV) (1 + s)|| ]^oo ) < oo. Indeed, since 

V' 

'0 


2 /.I 

V(-A)-V(l) = V / Va,(-A)-V(l - s) * iPdj{-A)-^P){s)ds, 
,=Vo 


we see from the Hormander-Mikhlin-type estimate that 

|V(-A)-V(1)| <C(l + |y|2)-\ 

A coupling of this and (1.7) yields that sup^^o + 'S)IIl°°(r 2) < co. Analogously we 

obtain that sup^^Q |||ypV^(—A)“^P(1 + s)|| LfCO ) < oo. Similarly, we can treat p 2 , and confirm that 


POO P 

/ / |?/j(uV(-A)-V-mVv(-A)"V 

Jo Jr2 

- PI (PV(-A)-i(m • VP + A/V) + (m • VP + MV)V(-A)~V) |(iyds < +oo. 
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Moreover we have the estimate for p^. Taylor’s theorem yields that 

ri/2 r /■! /■! v^VP(t - s, X - y + Ay) 


= / // 

1/31=2'^° JO JO 


/3! 


A(-y)' 


• a* (PV(-A)-^(m • V)P + (m • V)PV(-A)-^P) (s + y, y)dpdXdyds 


and 


rt 


P5it) = 


/ / (PV(-A)-Hm-V)P + (m-V)PV(-A)”ip) (s + y,y)(iyds. 

Jt/2 JO 

For 1 < <7 < oo, we see from Lemma 2.5 that 

||p4(t)|lLP(M2) + ||/95(i)|| L9(K2) 
r-t/2 rl 


(3.14) 


/•t/z ^ rt pL ^ 

/ / (t — +/i)“^(i/ifis + C / / (s + 

JO JO JL2 JO 


<C 

'0 Jo 


as t ^ OO. Analogously 

(3-15) ll/56(i)|lL9(R2) + ||y7(i)|lL9(R2) = 

as t —)• oo for 1 < g < oo. Applying (3.13)-(3.15) to (3.12), we complete the proof. 


□ 


3.5. Properties of the correction terms. Before closing this paper, we confirm the basic properties 
of the correction terms in the theorems. 

Proposition 3.5. The function J in (1.9) satisfies (1.10). 

Proof. It suffices to show that the first term on J is well-defined. Since PV{—A)~^Pdy = 0, we 
see from Taylor’s theorem that 

f {VP{t -s,x-y) + {y- V)VP(t,x)) ■ (PV(-A)-‘P) {s,y)dyds 

^ ^ jn r P VWP(, - y - . . , (-,).(PV(-A)-'P)(..,).A.,.. 

1^2 -^0 ^ 

Hence Lemma 2.5 leads that 
r-t/2 


[ [ {VP{t-s,x-y) + {yV)\/P{t,x))-{PV{-A)-^P){s,y)dyds 

Jo JR3 

/■i/2 1 

r f (t-»)-=‘“-5)-3|||,,|2(PV(-A)-‘P)(s,9)||„,„3|* 

/ f‘'\t - < cr“<‘-i)-2 

JO 


I,P(R3) 


for 1 < y < oo and t > 0. Thus J G C{{0,oo),L^(M.^) riL°°(M.^)). We see that X^J{Xt,\x) = J{t,x) 
for any A > 0. Particularly J{t,x) = t~^J{l,t~^x) and we obtain the second assertion. □ 

Proposition 3.6. The function J 2 defined by (1-11) satisfies (1.12). 

Proof. Since V(—A)“^ is skew adjoint in ggg that 

[ (PV(-A)-i(m • VP) + (m • VP)V(-A)-ip)(s, y)dy = 0. 

JR2 

Moreover, 

[ yj(PV(-A)-^(m • VP) + (m • VP)V(-A)"^P) (s, y)dy = 0 
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since ?/j(PV(—A) ^(m-VP) + (m-VP)V(—A) ^P)(s, y) is an odd function in or y 2 - Hence Taylor’s 
theorem says that 

/■i/2 

/ VP(t - s) * (PV(-A)-^(m • VP) + (m • VP)V(-A)-^P) {s)ds 
Jo 

= y [ C - s , x - y + xy ) 


1=2 ■ 


/3! 


-A 


• (-y)^(PV(-A)-i(m-VP) + (m • VP)V(-A)-ip)(s,?/)(iA(iy(is. 

Thus we see from Lemma 2.5 that 
ri/2 


VP(t - s) * (PV(-A)-i(m • VP) + (m • VP)V(-A)-^P) (s)(is 


LP (K2) 


<c 


<c 


/■i/2 

/ (i - s) 

2o 


-2(1-|)-3||u,|2 


|//|2(PV(-A)-i(m • VP) + (m • VP)V(-A)”ip) ds 


/■i/2 

/ (i - s) 

2o 




for 1 <p < oo. In a similar procedure as in the proof of Proposition 3.5, we see that 

ri/2 


f [ (VP(t - - y) + (y • V)VP(t,x)) 

Jo JR2 

• (PV(-A)-V +JV(-A)-^P)(s,y)dyds 
y yy V^VP (t-g,x-y + Ay), 
ioi_o-/o Jr' 2 Jo 


fi\ 


and 


• (-y)^(PV(-A)-V +JV(-A)-^P)(s,y)dAdyds 
[ [ (VP(t - s,x - y) + (y • V)VP(t,x)) 

JO JR2 


(PV(-A)-V + JV(-A)-^P) (s, y)dyds 




LP(R2) 


Therefore J 2 is well-defined in (//((0, 00 ), L^(M^) n P°°(M^)). The scaling-properties of P say that 
J 2 {t,x) = t~^J 2 {l,t~^x). Hence we get the second assertion of (1.12). □ 
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